Using the equation of state of the electron-nuclear model at high densities and the mechanical equilibrium equation, we have investigated the influence of interparticle interactions and the axial rotation on the macroscopic characteristics (mass, surface shape) of massive degenerate dwarfs. We propose a method of solving the equilibrium equation in the case of rotation that uses the basis of universal functions of the radial variable. The conditions, under which the axial rotation can compensate for a weight loss of the mass due to the Coulomb interactions, have been established. The maximal value of the relativistic parameter, at which the stability is disturbed, is determined within the general theory of relativity (GTR).
Introduction
The discovery of the degenerate dwarfs at the beginning of the XXth century [1] gave rise to the problem of existence and stability of stars, which have no sources of energy. R. Fowler's idea [2] that the existence of these objects is due to the pressure of the degenerate electron gas at high densities of matter led to the formation of an electron-nuclear model, in which a star consists of an ideal degenerate relativistic electron subsystem in the paramagnetic state at = 0 K and a static nuclear subsystem, which is considered as a continuous classical environment [3, 4] . In the frame of this model, the theory of cold degenerate dwarfs was constructed by S. Chandrasekhar, the main results of which are restrictions on the mass ( ≤ 1.45 ⊙ ) and the peculiar "mass-radius" ratio. In the works by E. Shatzman [5] , S. Kaplan [6] , R. James [7] , E. Salpeter [8] vikov [9] , S. Shapiro and S. Teukolsky [10] , and other researchers, some generalizations of Chandrasekar's model, which consider important factors of the formation of a structure of degenerate dwarfs, were proposed. The development of the theory was restrained by the lack of observable data. The situation changed at the end of the XXth century, when a large amount of spectral data on the degenerate dwarfs in a vicinity of the Sun was obtained with help of the space observatories. It turned out that the degenerate dwarfs are characterized by the same variety of characteristics like stars of other types. The most striking fact indicating the limitation of applying Chandrasekhar's model is the distribution of dwarfs with small and medium masses on the "mass-radius" plane [11] , which is a manifestation of the incomplete degeneration of the subsystem of electrons, since the effective temperatures of the photosphere of some dwarfs reach 10 5 K. However, the influence of temperature effects on the characteristics of massive dwarfs is very small. In the case of massive non-magnetic dwarfs, the main factors of the structure formation are interparticle Coulomb interactions and the axial rotation, which are competing ones. The dwarfs with masses approaching Chandrasekar's limit are found in the binary systems, where the important factor at certain stages of evolution is the exchange of mass between the components.
The detailed calculations of the degenerate dwarf characteristics, when various factors of the formation of these objects are simultaneously taken into account, are relevant in connection with the problem of the stability of the degenerate dwarfs, as well as with the hypothesis that massive degenerate dwarfs are precursors of supernovae of type Ia.
The main purpose of our work is to set restrictions on the mass of dwarfs, while considering the Coulomb interactions and the axial rotation.
Equilibrium Equation
The internal structure of a star with axial rotation is determined by the equilibrium equation [12] : at each point given by the radius vector r, the condition
is satisfied, where (r) is the local pressure, (r) is the local density of matter,
determines the gravity potential, and Φ (r) is the centrifugal one. We consider that the distribution of matter has the axial symmetry, and the axis of rotation passes through the center of mass of the star. In the spherical coordinate system, the coordinate origin being at the center of mass,
where is the constant angular velocity, and is the polar angle. The density of matter (r) is expressed in terms of the local value of the relativistic parameter
0 is the electron mass, is the speed of light, and (r) is the number density of electrons at the point r. According to definition (4),
where is the atomic mass unit, = / ( is the mass number, is the charge of a nucleus).
The equation of state of the macroscopic homogeneous electron-nuclear model at = 0 K was obtained in work [13] . This equation is convenient to present in the form
where ℱ( ) is the contribution of the degenerate ideal relativistic electron gas, and ( | ) > 0 is the contribution of interactions (see Appendix 1) . To describe the star, we have used expression (6) in the local approximation by replacing with its local value (r). In this approximation, the equilibrium equation is reduced to such differential equation for the local value of the relativistic parameter:
Here, Δ is the Laplace operator in the variables ( , ). The derivatives from Eq. (7) are illustrated in Fig. 1 . Let us introduce the dimensionless variables
as well as the dimensionless angular velocity according to the expression
where
If the scale is determined by the expression
then the equilibrium equation has the following dimensionless form:
Here, the notations are as follows:
In Eq. (12), the independent parameters 0 , Ω 2 , appear. The equation in partial derivatives (12) satisfies the boundary conditions
In order to highlight the analytical dependence on model parameters, we introduce an approximate solution of Eq. (12) . Let us consider Eq. (12) without rotation, by setting Ω = 0 and replacing ( , ) with the function ( ) according to the spherical symmetry of the problem.
Influence of the Interactions
The function ( ) satisfies the one-dimensional differential equation
on the relativistic parameter and the nuclear charge (curve 1 -= 2; 2 -= 6; 3 -= 12)
in which 0 and are the parameters, and the functions ( | ) are determined by Eqs. (13), where one should make a replacement → 0 ( 2 ( ) + + solutions of Eq. (15) were found numerically. The dependence 1 ( 0 | ) on the parameters 0 and is shown in Table 1 , where the dimensionless radius of the star in the standard model 1 ( 0 ) is given for comparison. As can be seen from this table, accounting for interactions leads to a decrease of the radius
by 0.7% at = 2, 1.2% at = 6, 1.85% at = 12 and 3% at = 26.
The mass and radius of the star are determined by the expressions
where the mass and radius scale are the combinations of the universal constants
The dependence ℳ( 0 | ) on the parameters 0 and and the dimensionless mass ℳ( 0 ) in the standard model are given in Table 2 . The relative decrease of the mass caused by the influence of inter-
−1 is approximately 1.4% at = 2, 2.7% at = 6, 4.1% at = 12, and 7% at = 26 in the region 0 ≥ 10 (see Table 2 ).
For intermediate and large values of the relativistic parameter, the function ( | ) is approximately proportional to 4 . In other words, the expression −3 / is close to the constant value, and its derivative with respect to is very small. This gives the opportunity to get an approximate estimate of dwarf's characteristics without solving Eq. (15) numerically. Due to the fact that, in the core of a massive dwarf, ( ) is very close to 0 , the expression −3 ( ) ( ( ))/ ( ) can be replaced by the solution of the equation in the standard model
The dimensionless mass and radius calculated by formulae (18) are shown in Table 3 . As was shown in Tables 2 and 3 , the relative error of the determination of the mass in the range 0 > 5 does not exceed 1%. At 0 > 10, it is smaller than 0.3%. The calculation error of the radius increases with . At = 2, it is at most 0.4%. At = 26, it is smaller than 3%.
Influence of Interactions and the Axial Rotation
The comparison of Tables 2 and 3 shows that Eq. (12) at Ω ̸ = 0 can be substantially simplified by neglecting the multiplier 2 ( , | ) and by replacing the term proportional to 1 ( , | ) by 1 ( 0 | )Δ( , ) ( , ) without accuracy loss. One can introduce the dimensionless radial coordinate˜= /˜, where˜is determined from the equation
Then Eq. (12) takes the form
wherẽ
Formally, Eq. (20) coincides with the equilibrium equation of a degenerate dwarf with axial rotation in the standard model written in the dimensionless form. The solution of Eq. (12) is
where˜(˜, ) is a solution of Eq. (20), and
1/2 . Therefore, we will omit "∼" over the variable˜, while looking for the solutions of The functions 0 ( ), ( ) are determined from the chain of equations Similarly, the solution of Eq. (20) can be represented as the expansion
where 3 ( , ) is a solution of the equilibrium equation for the polytrope with index = 3 in the presence of a rotation, and ( , ) are the unknown functions. Substituting series (25) in Eq. (20) and expanding the expression {︀ 2 + 2 / 0 }︀ 3/2 in powers of
0 , we obtain the following chain of equations: where Δ ≡ Δ( , ). The substitutions
are justified, because the parameterΩ 2 is small for massive dwarfs. With these substitutions, we can exclude the parameterΩ 2 from system (26) and rewrite it in a universal form:
We have used another substitution, namely 
All other functions are solutions of the linear inhomogeneous equations: 
According to (14) , all functions ,0 ( ), ,2 ( ) at ≥ ≥ 0 satisfy the boundary conditions ,0 (0) = ,2 (0) = = 0, ,0 ( ) = ,2 ( ) = 0 at = 0. In work [14] devoted to the polytropic stars with axial rotation, the functions 0,0 ( ) and 0,2 ( ) were calculated by the numerical integration, and the constant of integration = −0.72325 was determined. Using the same method, we have found the solutions of the equation for ,0 ( ), ,2 ( ) at = 1 and 2. The results of calculations for the universal functions ( ), ,0 ( ) and ,2 ( ) at ≥ 0 have been presented in the form of the Pade-approximants given in Appendix 2. The functions ( ), ,0 ( ) and ,2 ( ) do not depend on any parameters and form a universal system, which makes it possible to present all the characteristics of massive dwarfs with axial rotation in the form of an expansion in powers of the small parameter
According to Eq. (25), the solution of (20) reads
where ( | 0 ) is a solution of the equilibrium equation for a degenerate dwarf in the standard model,
The conditions
determine the maximal value of the angular velocityΩ max ( 0 ) and corresponding maximal value of the dimensionless equatorial radius max ( 0 ). AtΩ > >Ω max , the stability of a star is disturbed in a vicinity of the equator, and the function˜( , ) becomes a non-monotonous function of . The root of the equation˜( , )=0 atΩ <Ω max determines the shape of a star,
The dependence of function (32) on the variables ( , ) is illustrated in Fig. 3 for = 0 and = /2 in the caseΩ Table 4 ).
The approximate solution of Eq. (12) has been obtained by replacing → in expression (32), where
1/2 . Therefore, the mass of a degenerate dwarf in a model with interactions is determined by the expression
where and the polar and the equatorial radii are
The dimensionless radius , ( 0 , ,Ω) calculated at Ω =Ω max ( 0 ) is given in Table 5 .
The influence of interactions and the axial rotation on the dwarf mass as a function of the parameter 0 is shown in Fig. 4 . Curve 1 corresponds to the dimensionless mass of a dwarf rotating with maximal angular velocityΩ max ( 0 ) without interactions (ℳ( 0 |Ω max )). The crosses correspond to the mass value, which was calculated in work [7] for several values of the relativistic parameter in the region 0.5 ≤ 0 ≤ 6.24. Curve 2 corresponds to formula (36) and involves both factors, the interactions and the rotation withΩ max ( 0 ) at = 12. Curve 3 corresponds to the standard model and considers neither interactions nor rotation (ℳ( 0 )). Curve 4 is constructed according to formula (18) at = 12 and involves the influence of interactions in the dwarf model without rotation. As can be seen from the figure, the maximal mass of a dwarf at the maximal rotation velocity exceeds the mass in the standard model without ro- Table 6 .
Stability of Degenerate Dwarfs
The maximal mass of dwarfs is related to the problem of their stability. There are two main causes for the instability of such star at high densities. The first of them is the neutronization process, which leads to a decrease of the electrons concentration. The threshold value of the relativistic parameter at the center of the star
where 0 is the Bohr radius, 0 is the fine structure constant, and 0 is the threshold density of neutronization reaction. In Table 7 , we give the value of 0 for several chemical elements (in g/cm 3 ) taken from work [15] and the calculated threshold value of the relativistic parameter 0 ,
The influence of the neutronization was considered in [16] .
The second cause for the instability is the effects of general theory of relativity (GTR). Restrictions on the degenerate dwarf mass involving the effects of GTR were first considered in work [6] in the approximation of Chandrasehkar's model (without interactions and rotation). For the consideration of the interactions, we use the Oppenheimer-Volkoff equations
in which ( ) is the mass in a sphere of radius . Let us substitute the expression for the pressure (6) in the left-hand side of the first equation and expand the right-hand side in a series in −2 , by retaining only linear terms and putting ( ( )| ) = 0 in them. In the dimensionless variables (8), Eq. (41) is reduced to the differential equation
Here, we used the notations
In the nonlinear integral-differential equation (42), two independent parameters 0 and appear, as well as the dimensionless parameter
Substituting ( | ) to ( 0 | ) and introducing the new variable˜= / (where Table 6 . Dependence of the dimensionless dwarf mass on the parameter 0 in different approximations: we transform (42) to the form
and˜(˜) is related to˜(˜) by the expressioñ
The terms in Eq. (45), which are proportional to the parameter ( 0 ), play the role of small corrections. So, to simplify the finding of the solution, we calculate them, by basing on˜0(˜), which satisfies the zero-approximation equation
In this approximation, the functions˜(˜) and˜˜(˜)
are simply the given functions of the variable˜and the parameter 0 . The function˜(˜) is depicted in Fig. 5 .
With the help of the substitutioñ
we get the equation for˜1(˜):
The boundary conditions corresponding to this equation arẽ
and the asymptotics
at˜≪ 1. Solutions of Eq. (50) obtained by the numerical integration are depicted in Fig. 6 . In the used approximation, the mass of a star
where ℳ( 0 ) corresponds to the standard model,
Ratios (53) and (54) determine the mass of a dwarf with regard for the interactions and the effects of GTR, but without rotation. As is shown in Table 6 , under the influence of the axial rotation, the mass of a dwarf increases by the magnitude
Now, the dimensionless mass of a degenerate dwarf in the model with the rotation, interactions, and the GTR effects can be written in the form
The maximal value of the magnitude corresponds tõ Ω =Ω max ( 0 ), and the minimal one toΩ = 0. Because the parameter ( 0 ) is proportional to 0 ( 0 ), the quantity ℳ GTR ( 0 , ,Ω) as a function of 0 has the maximum at some point * 0 , which is approximately determined by the equation
We have that Table 8 , we give the masses with the interactions, ℳ GTR ( * 0 , , 0), and with the interactions and rotation, ℳ GTR ( * 0 , ,Ω) (SM corresponds to the model without interactions and rotation). As follows from the numerical calculation,
at the change of the angular velocity fromΩ =Ω max toΩ = 0. The maximal mass 
0 , , 0) to ℳ GTR (
0 , ,Ω), where
0 = 26.2 (atΩ = 0). As shown in Table 8 , the change area * 0 is small, and is close to the threshold values of the parameter 0 , corresponding to the processes of neutronization (see Table 7 ).
Conclusions
We have shown that the influence of the competing factors significantly affects the characteristics and internal structure of degenerate dwarfs. The interactions cause a decrease of the mass of degenerate dwarfs. The axial rotation can partially (depending on theΩ) compensate the influence of the Coulomb interactions at 15. In this case, the dwarf mass can exceed Chandrasekhar's limit. In the region > 15, this compensation is generally impossible, so the masses of such dwarfs cannot exceed this limit. The effects of GTR slightly reduce the mass of a dwarf, but cause the instability. The parameter * 0 , at which instability occurs, does not depend on , but only onΩ. The critical value of * 0 decreases with increasing the parameterΩ. The area of existence for helium, carbon, and oxygen depends on the effects of GTR. For magnesium, silicon, and iron, the instability is caused by the neutronization effects. This implies that, for the majority of real dwarfs, the processes of neutronization and the effects of GTR may be equally important.
Our conclusions are in accordance with the fact that the dwarfs with masses, which are very close or exceed Chandrasekhar's limit, are observed in binary systems, where the accretion plays a key role. After all, the matter consisting of elements with small falls, during the accretion process, on a degenerate dwarf.
